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In a previous work we showed that spin can be envisioned as living in a phase
space that is dual to the standard phase space of position and momentum. In this
work we demonstrate that the second class constraints inherent in this “Dual Phase
Space” picture can be solved by introducing a spinorial parameterization of the
spinning degrees of freedom. This allows for a purely first class formulation that
generalizes the usual relativistic description of spinless particles and provides several
insights into the nature of spin and its relationship with spacetime and locality. In
particular, we find that the spin motion acts as a Lorentz contraction on the four-
velocity and that, in addition to proper time, spinning particles posses a second
gauge invariant observable which we call proper angle. Heuristically, this proper
angle represents the amount of Zitterbewegung necessary for a spin transition to
occur. Additionally, we show that the spin velocity satisfies a causality constraint,
and even more stringently, that it is constant along classical trajectories. This leads
to the notion of “half-quantum” states which violate the classical equations of motion,
and yet do not experience an exponential suppression in the path integral. Finally
we give a full analysis of the Poisson bracket structure of this new parametrization.
I. INTRODUCTION
Spin is an elusive physical entity. On one hand it can be understood as a purely quantum
phenomena which represents internal degrees of freedom and provides a labeling of fields
which is independent from their dynamics. On the other hand it is fundamentally intertwined
with the concept of spacetime, being defined via irreducible representations of the Poincare´
group. It is the relationship between spin and the concept of spacetime and localization
which is at the heart of our interest in the subject. The working hypothesis being that
insights into the nature of spin may give some clues about the quantum nature of spacetime,
provided that we have fully understood the former. Achieving this aim requires a deep and
refined handle on spin itself which, we propose, can be realized through an analysis of its
classical representation.
∗ trempel@pitp.ca
† lfreidel@pitp.ca
That one can describe spin classically stems from the fact, epitomized by Feynman, that
any quantum phenomena can be described in terms of the phase eiS/~ gathered by the wave
function ψ when undergoing continuous motion. In the case of a massive relativistic particle
the phase is well known to be given by S = mτ ; mass times the proper-time elapsed. The
same is true for a relativistic spinning particle, but there exists an extra phase contribution
due to the spin: S = mτ + 2~sφ where φ is the proper (spin) angle. Although the phase
associated with motion through spacetime is clearly understood as a measure of proper time
the same can not be said about the phase resulting from spin motion. This is what we seek
to clarify in the present work. First, however, we need to understand the true spin degrees
of freedom and their motion, only then will we be in a position to formulate a rigorous
definition of φ. As we will see, this story is made more complex, and interesting, by the
fact that the spin motion affects spacetime motion in a non-trivial manner. In particular we
find that the proper angle φ is a measure of the oscillation along the classical trajectory of a
spinning particle, a phenomena known as Zitterbewegung [1]. We also show that the measure
of proper-time is affected by the spin motion, experiencing a Lorentz like contraction when
the particle undergoes a spin transition. The precise disentangling of Zitterbewegung from
a spin transition is one of the main results of our paper.
Classical, realistic models of spin in which the spin degrees of freedom are real valued
and commuting1 have a long and vibrant history, extensively outlined in [2] and references
therein (see also [3]). Of these it is sufficient to focus on those which use group theoretic
methods in their derivation of a classical action. The first to present such a model were
Hanson and Regge [4] who assumed that for each value of some evolution parameter τ , the
spinning particle is characterized by an element of the Poincare´ group (xµ(τ),Λµν(τ)). One
can then write the Lagrangian in terms of Poincare´ invariant quantities after imposing a set of
orthogonality or Dixon conditions. A much simpler model was proposed by Balachandran [5–
7] who also assumed that the configuration space of a spinning particle should be identified
with the Poincare´ group. Although these initial models were useful they were somewhat
ad-hoc; a formal application of group theory to classical systems required the advent of a
powerful mathematical framework known as the coadjoint orbit method.
Proposed by Kirillov [8], Kostant [9] and Souriau [10, 11], the coadjoint orbit method is
based on a theorem showing that the coadjoint orbits of a group form a symplectic manifold
and therefore have a natural interpretation as the classical phase space of some system. A
number of authors have subsequently made use of this method to propose classical descrip-
tions of the spinning particle, principally by considering its application to the Poincare´ group.
A particularly concise model due to Wiegmann [12] uses a single four-vector nµ, identified
as an element of S2 in a particular frame, to encode the spinning degrees of freedom. The
main idea behind these models, explicitly spelled out by Wiegmann, is to encode the spin
degrees of freedom into the analog of a Wess-Zumino term carrying the spin information.
Unfortunately, the models mentioned above suffer from a serious limitation, namely that
they are only valid on solutions of the mass-shell constraint, i.e. they describe physically
asymptotic states. As such, they are not suited to the worldline description of loop ampli-
tudes and therefore can not accommodate fully quantum processes. Attempts to overcome
1 As opposed to models which utilize Grassmann variables.
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this restriction gave rise to a convoluted series of models which sought to extend the de-
scription of spin to the full and unconstrained particle phase space. The primary hurdle was
to express the orthogonality constraints that entangle spin and spacetime in a physically
meaningful and mathematically tractable form. There have been two trends apparent in
these attempts, one where the spin degrees of freedom are represented by vectors and the
other where they are represented by spinors. In vectorial models [12–15] one obtains a set
of second class constraints whose form depends on the vectors are chosen and these do not
necessarily possess a clear physical or geometrical meaning. On the other hand, the spinorial
formulation allows one to reduce the number of the constraints, even to the point of elim-
inating second class constraints entirely. This approach was initiated by Penrose [16] and
subsequently developed by Bengtsson [17] for massless spinning particles. It was then ex-
tended to the massive case by several authors [18–21]. A particularly notable spinor model,
and one that will be important for us, is that of Lyakovich et al. [18], further developed
in [22]. It is claimed to be a “universal description” of the spinning particle including both
massive and massless particles, as well as those with continuous spin. This model has also
been generalized to spinning particles in any dimension, see [23] and [24].
One of the goals of this paper, together with [2, 25], is to linearize the history discussed
above and present a self contained description of the relativistic spinning particle from first
principles. In the first paper [2] we started from the coadjoint orbit formalism and showed
that the relativistic spinning particle can naturally be recast in a vectorial representation
called the “Dual Phase Space” (DPS) model in which the spin degrees of freedom carry their
own phase space. This allowed us to introduced, for the first time, the interaction vertex
in terms of a realistic worldline interpretation as a dual locality condition. In the second
work [25] we showed that the DPS picture implies that relativistic spin can be understood
physically as an entangled pair of constituent particles and could be quantized as such. In
this work we address the issue of resolving fully all the second class constraints present in the
original DPS model. We show that there is a unique resolution that agrees with Lyakovich
et al. and we give a full description of how spin motion affects spacetime motion.
II. OVERVIEW
The ”Dual Phase Space” model parameterizes the phase space of the relativistic particle
of mass m and spin s in terms of two pairs of canonically conjugate four vectors (xµ, pµ) and
(χµ, πµ). The pair (xµ, pµ) represent the standard position and momentum of the particle
while (χµ, πµ) are “dual” variables which encode the spinning degrees of freedom. The
dynamics of the particle are then determined by a set of six real constraints, and if the
particle is massive four of these are second class. These constraints can be presented most
straightforwardly by introducing a complex “spin” vector
ℓµ =
πµ
ǫ
+ is
χµ
λ
, (1)
where λ and ǫ are fundamental length and energy scales respectively and satisfy λǫ = ~.
The first class constraints which define mass and spin are simply restrictions on the length
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of the momenta and spin vector
p2 +m2 = 0, ℓℓ∗ = 2s2. (2)
These are then supplemented by additional constraints which form a second class system.
The first result of this paper is to construct a purely first class model by using the spinor
formalism to solve the second class constraints. The purpose of such a re-parameterization
is two fold, first it provides, as already mentioned, a greater control over the action while
allowing for a better understanding of the effect of spin on particle dynamics. Secondly,
it makes a connection with the standard Dirac formalism and therefore should permit a
description of fermions2.
We find that the general solution to the second class constraints is obtained by setting
ℓ =
|ξ〉[ξ|p
m
, (3)
where ξα = |ξ〉 is a spinor, [ξ| = ǫαβξβ is the transposed spinor, and p is the momenta repre-
sented as a 2× 2 hermitian operator. The resulting first order action has two undetermined
Lagrange multipliers corresponding to the mass shell and spin constraint. We can interpret
the Lagrange multipliers as generators of two gauge invariant quantities, proper time τ(t)
(dual to the mass shell) and proper angle φ(t) (dual to the spin constraint) and we show
that the action is of the form
S = mτ(t) + 2~sφ(t). (4)
The spin velocity |ξ˙〉 can be expressed as a function of two complex coefficients (a, b) that
characterize the spin motion and which are defined by the expansion
|ξ˙〉 = a|ξ〉+ bm
2~s
x˙|ξ]. (5)
The proper time and the proper angle are then explicitly given by
τ˙ = |x˙|
√
1− b2, φ˙ = Im(a). (6)
where |x˙| ≡ √−x˙2. The fact that the action is independent of Re(a) means that it is
invariant under spin rescaling |ξ〉 → α|ξ〉, with α ∈ R+ which is essentially the expression
of Lorentz invariance from the spin point of view. Comparing this to the standard action
for the spinless relativistic particle one notices that the four-velocity is modified by a factor
of the form
√
(1− b2). This shows that spin motion can be viewed as inducing a Lorentz
contraction of the four-velocity! In addition, one notes that there is a maximal speed of spin
propagation encoded into the causality condition |b| ≤ 1. Violating this bound would yield
a spacelike velocity x˙2 > 0. Note that the parameter b measures the propensity of spin to
flip along the motion of the particle.
Further analysis reveals an even more stringent restriction on the classical spin motion:
If a relativistic spinning particle has an initial configuration given by (x, ξ) and x′ is in the
2 It was shown in [25] that, upon quantization, DPS only yields integer spins.
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future light cone of x , then there is a classical path connecting (x, ξ) and (x′, ξ′) only if
ξ′ = ξ, that is only if the spin state does not evolve under classical motion. It follows that
there are trajectories which have ξ˙ 6= 0 but which still satisfy the causality constraint |b| ≤ 1.
These “half-quantum” states are interesting because although they are not classical they are
not exponentially suppressed in the path integral either. This possibility explains why spin
and its motion can only be fully understood as a quantum object since the boundary between
quantum and classical is not as sharply defined as it is for spacetime motion.
We complete the first order formulation by computing explicitly the commutators among
the position and spin variable and we witness that the presence of spin renders the position
variable non-commutative (as already noticed in [13, 26, 27]). The calculation is involved but
is simplified by considering the symmetries of the symplectic potential/form. In particular
we find that the position coordinates acts a type of boost generator on the spin variables:
{
ξα, xββ˙
}
=
pαβ˙ξβ
m2
. (7)
From our analysis we can clearly see two new phenomena associated with spin, the existence
of a spin causality constraint and the possibility of“half-quantum” states.
III. FIRST CLASS FORMALISM
In the DPS model the phase space of the relativistic spinning particle is parameterized by
two pairs of canonically conjugate four vectors (xµ, pν) and (χµ, πν) with Poisson brackets
{xµ, pν} = ~ηµν , {χµ, χν} = ~ηµν . (8)
The fundamental length and energy scales λ and ǫ satisfy λǫ = ~, they allow for the unifica-
tion of the “dual” position χµ and “dual” momenta πµ into a single complex vector
ℓµ ≡ πµ
ǫ
+ is
χµ
λ
, {ℓµ, ℓ∗ν} = 2sηµν . (9)
The dynamics of the spinning particle are then characterized by two sets of constraints with
the first being obtained from a simple restriction on the lengths of p and ℓ:
p2 +m2 = 0, ℓℓ∗ = 2s2. (10)
The remaining constraints are then given by two pairs of orthogonality conditions
p · ℓ = 0, ℓ2 = 0, (11)
and their conjugates. The relationship between this formulation and the coadjoint orbit
formalism is detailed in [2]. The main point is that the total angular momenta can be
expressed as a sum of the orbital angular momenta Lµν = (p ∧ x)µν and the spin angular
momenta Sµν = (π ∧ χ)µν .
It is easy to verify that the constraints in eq. (10) are first class. However, although the
constraints in eq. (11) commute with each other they do not commute with their conjugates
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unless m or s vanish. The first major result of this paper is to solve this second class system
by means of the spinor formalism leaving us with a purely first class representation of the
relativistic spinning particle. For simplicity we restrict our analysis to four dimensional
spacetime since this allows us to utilize two-component spinors.
Let us begin with the null condition ℓ2 = 0, which is solved by noting that any complex
null vector can be represented by a product of spinors ξα, ζ¯α˙, viz
ℓαα˙ = ξαζ¯α˙, ℓ = |ξ〉〈ζ |. (12)
Here and in what follows we will utilize the spinor formalism quite extensively (see [16, 28–
30]). For the readers’ convenience we include a brief overview here, for a more detailed
presentation see Appendix A.
Denote by χα, α = 0, 1, a two-dimensional complex spinor and χ¯α˙ = (χα)† its complex
conjugate. Indices are raised and lowered with the epsilon tensor ǫαβ which is the skew
symmetric tensor normalized by ǫ01 = 1, i.e.
χα = ǫαβχβ , χα = ǫαβχ
β, χ¯α˙ = ǫα˙β˙χ¯β˙, χ¯α˙ = ǫα˙β˙χ¯
β˙.
These quantities are represented as bras and kets (see also [31]) via
|χ〉 = χα, [χ| = χα, |χ] = χ¯α˙, 〈χ| = χ¯α˙, (13)
with the notation being specifically designed to distinguish a spinor from its conjugate. Note
also that we have adopted a convention in which the epsilon tensor satisfies ǫαγǫ
γβ = δβα. The
SL(2,C) invariant contractions between spinors are denoted by a rocket:
[ζ |ξ〉 := ζαξα, 〈ζ |ξ] := ζ¯α˙ξ¯α˙, 〈ζ |ξ] = −[ζ |ξ〉∗. (14)
Let (σa)αα˙ = (1αα˙, ~σαα˙) be the standard four vector of sigma matrices, and (σ¯
a)α˙α ≡
(σa)ββ˙ǫ
αβǫα˙β˙ the same vector but with indices raised. Given a real vector pa we can con-
struct two by two hermitian operators pαα˙ := pa(σ
a)αα˙ and p¯ = paσ¯
a as well as the hermitian
pairing [ξ|p|ζ ] = 〈ζ |p¯|ξ〉. This completes the brief introduction to the spinor formalism.
Given the parameterization in eq. (12) the remaining second class constraint is equivalent
to 〈ζ |p¯|ξ〉 = 0 which has the general solution 〈ζ |p¯ ∝ [ξ|. The normalization can be chosen
arbitrarily and to keep the spinor dimensionless we put m〈ζ | = [ξ|p, provided that m 6= 0.
Thus, the general solution of eq. (11) is
ℓαα˙ =
ξαξ
βpβα˙
m
or ℓ =
|ξ〉[ξ|p
m
. (15)
The first class constraints, eq. (10), are expressed in terms of these new variables as
Φm =
1
2
Tr(pp¯)−m2, Φs = 1
2
[ξ|p|ξ]−ms. (16)
To obtain an action we simply add these constraints to the symplectic potential Θ = pµdx
µ+
πµdχ
µ. As a one-form on phase space the symplectic potential can be evaluated on the second
6
class constraints eq. (11) and the spin part πµdχ
µ expressed entirely in terms of the spinor
variable ξα, viz
Θ = −1
2
Tr(p¯dx) +
i~
2m
[ξ|p|ξ]
2ms
p¯αα˙
(
ξαdξ¯α˙ − ξ¯α˙dξα
)
. (17)
It is interesting to see that the symplectic structure already depends on a unit of action
through ~ even if it is a classical entity. This expresses mathematically the notion that
spin blurs the sharp distinction between classical and quantum that we are familiar with.
Without loss of generality and up to a redefinition of Lagrange multipliers we can implement
the first class constraints in Θ. It will therefore be convenient to work with the simpler
version
Θm,s = −1
2
Tr(p¯dx) +
i~
2m
p¯αα˙
(
ξαdξ¯α˙ − ξ¯α˙dξα
)
, (18)
which summarizes the symplectic structure of the relativistic spinning particle.
IV. CLASSICAL ACTION FOR THE RELATIVISTIC SPINNING PARTICLE
A. First Order Action and Half-Quantum States
The action Sm,s =
∫ τ
0
dtLm,s(t) for the relativistic spinning particle has Lagrangian Lm,s =
Θm,s +
N
m
Φm +
M
m
Φs. Introducing the quantity θ(ξ) := i~
(
|ξ˙〉〈ξ| − |ξ〉〈ξ˙|
)
we find that the
Lagrangian is expressed explicitly as
Lm,s = − 1
2m
Tr
(
p¯ (mx˙+ θ(ξ)−M |ξ〉〈ξ|)− N
2
pp¯
)
− Nm
2
−Ms. (19)
The first class constraints Φm and Φs generate time translations (parameterized by α) and
local spin rotations (parameterized by β) respectively. Both of these gauge transformations
leave the Lagrangian invariant and act on the phase space variables as
δ(α,β)N := α˙, δ(α,β)M := β˙, δ(α,β)x :=
αp
m
, δ(α,β)|ξ〉 := − iβ
2~
|ξ〉, (20)
while δ(α,β)p = 0 and δ(α,β)θ(ξ) = β˙|ξ〉〈ξ|. These transformations can also be used to fix
the Lagrange multipliers N and M to constant values, giving rise to two gauge invariant
observables, the proper time τ and the proper angle φ:
τ(t) =
∫ t
0
dt′N(t′), φ(t) =
1
2~
∫ t
0
dt′M(t′). (21)
The appearance of a new type of observable in addition to proper time is one of the most
relevant facts about spin from the perspective developed here.
To obtain the first order action we need to solve the equation of motion for p which is
given by Np = mx˙+ θ(eiφξ). Inserting this into the Lagrangian we find
Lm,s = − 1
4Nm
Tr
[(
mx˙+ θ(eiφξ)
) (
m ˙¯x+ θ¯(eiφξ)
)]− Nm
2
− 2~sφ˙, (22)
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where we have used that 2~φ˙ = M . We can further expand Lm,s by means of the identities
Tr
[
x˙θ¯(ξ)
]
= −2~Im
(
[ξ˙|x˙|ξ]
)
and Tr
[
θ(ξ)θ¯(ξ)
]
= −2~2|[ξ|ξ˙〉|2, (23)
while also making use of the re-parametrization invariant spinor velocity |∂τξ〉 = ˙|ξ〉/N . We
find
Lm,s =
1
2N˜
x˙2 − N˜
2
(
m2 − |~[ξ|∂τξ〉|2
)
︸ ︷︷ ︸
Modified Mass−shell
+
Spin Potential︷ ︸︸ ︷
~ Im ([∂τξ|x˙|ξ])+ ~φ˙ ([ξ|x˙|ξ]− 2s)︸ ︷︷ ︸
Spin Constraint
, (24)
where we have defined N˜ ≡ N/m. Written in this form, the Lagrangian is valid in the
massless limit as well.
As seen above there are three terms which make up the Lagrangian: A modified mass-shell
with effective mass M given by
M2 = m2 − |~[ξ|∂τξ〉|2, (25)
a potential that couples the linear velocity to the spin, and finally the spin constraint
[ξ|x˙|ξ] = 2~s. (26)
The minus sign appearing in the modified mass-shell, eq. (25), imposes a causality constraint:
At a classical level the linear velocity must be timelike or null, i.e M2 ≥ 0, and so the spin
motion must satisfy
~|[ξ|∂τξ〉| ≤ m. (27)
Therefore, while the component of x˙ along |ξ] is fixed by eq. (26), the causality constraint
restricts the spin velocity |[ξ|ξ˙〉| to be bounded from above. Of course, this is a classical
restriction and can be violated at the quantum level. These are the virtual processes whose
amplitudes will be suppressed in the path integral.
We can extend this analysis to the semi-classical level and see more clearly the delineation
between which processes will experience an exponential suppression and those which will not.
Specifically, let us examine the trajectories defined by the classical equations of motion. For
x we find that the evolution is characterized by
mx˙+ θ(ξ) = NP + φ˙|ξ〉〈ξ|, (28)
where P µ is a constant of motion. It follows that the particle will in general undergo
oscillatory motion, known as Zitterbewegung [1], due to the rotation of the spin, on top
of the standard linear evolution. On the other hand, the equation of motion for ξ reduces
to3 ξ(τ) = eiφ(τ)ξ(0) which yields an even more stringent restriction on the spin motion
than eq. (27). In particular, it implies that the spin state can only change by an internal
phase during classical evolution, hence θ(ξ) = φ˙|ξ〉〈ξ| and so Zitterbewegung motion is not
experienced.
3 See Appendix B for more details.
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Observe that it is possible to violate the restriction on the spin evolution while still
satisfying both the causality constraint eq. (27) and the classical equation of motion eq. (28)
for x. This means that this is possible to have a quantum trajectory which permits spin
flips, i.e.
[ξ(τ)|ξ(0)〉 6= 0. (29)
Such “half-quantum” states represent trajectories which are not fully classical yet will not
be exponentially suppressed in the path integral. More precisely, these trajectories will
necessarily experience Zitterbewegung since by definition θ(ξ) 6= φ˙|ξ〉〈ξ|. However, even
though this type of spin motion is not classical it is still possible to have a solution of
eq. (28) which satisfies the spin causality constraint. Hence we do not expect to see an
exponential supression for these transitions.
Normally motion is classified as either classical, in which case the classical equations of
motion are satisfied, or quantum, in which case the classical action is imaginary. Little is
known about “half-quantum” states and they deserve further exploration; it is possible that
they represent some form of entanglement.
B. Second-Order Action
The second order action can be obtained from eq. (24) by integrating out N˜ and φ˙. For
N˜ we proceed in the usual fashion by solving its equation of motion,
N˜2 = − x˙
2
(m2 − |~[ξ|∂τξ〉|2) (30)
and substituting the result back into Lm,s. The integration over φ on the hand imposes the
spin constraint eq. (26). In order to solve it we introduce a spinor ρα, free of constraints,
and which is related to ξ via4
|ξ] = |ρ]
√
2Ns
[ρ|x˙|ρ] . (31)
Combining these transformations gives the second order action
S = m
∫ 1
0
dτ
√√√√−x˙2
(
1−
∣∣∣∣2~sm [ρ|ρ˙〉[ρ|x˙|ρ]
∣∣∣∣2
)
+ 2~s
∫ 1
0
dτ
(
Im[ρ˙|x˙|ρ]
[ρ|x˙|ρ]
)
. (32)
As in the first order case, this action is invariant under time translations and spin rotations,
now expressed as
δ(α,β)x = αx˙, δ(α,β)|ρ〉 = α|ρ˙〉+ iβ|ρ〉, (33)
4 We assume that [ρ|x˙|ρ] > 0.
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where α, β ∈ R. The proper time and proper angel can be identified with the first and
second term of eq. (32) respectively, viz.
τ(t) ≡
∫ t
0
dt′
√
−x˙2
(
1− |2~s[ρ|ρ˙〉|
2
m2[ρ|x˙|ρ]2
)
, (34)
φ(t) ≡ Im
∫ t
0
dt′
(
[ρ˙|x˙|ρ]
[ρ|x˙|ρ]
)
. (35)
C. Decomposing Spin Velocity
The spinors |ρ〉 and x˙|ρ] form a basis for spinor space provided that [ρ|x˙|ρ] 6= 0. There-
fore, we can expand the spin velocity in this basis by introducing two complex functions
(a(τ), b(τ)), with |b| < 1:
|ρ˙〉 = a|ρ〉+ bm
2~s
x˙|ρ]. (36)
It is straightforward to solve for a and b
a =
[ρ˙|x˙|ρ]
[ρ|x˙|ρ] , b =
2~s
m
[ρ|ρ˙〉
[ρ|x˙|ρ] , (37)
from which it follows that
S = m
∫
dτ |x˙|
√
1− |b|2 + 2~s
∫
dτ Im(a). (38)
We see that knowledge of the spin velocity at all times uniquely determines the proper time
and proper angle. In particular, if the spin velocity has a component along x˙|ρ] the proper
time runs at a slower pace and so
√
1− |b|2 can be viewed as a time contraction factor
due to the spin motion. In Appendix C we extend this analysis a bit further and derive
the equations of motion associated with the second order action eq. (32). The action in
eq. (32) is a special case of the one derived by Lyakhovich et. al. in [22]. The difference
between the two comes from the inclusion of a term in Lyakovich’s model which allows for
the description of continuous spin particles (CSP’s). As DPS is equivalent to the restricted
version of the latter model (as established in this paper) it is reasonable to assume that there
is a generalization of the Dual Phase Space model which will also permit the inclusion of
CSP’s. We will explore this possibility more fully in a subsequent paper.
V. POISSON BRACKETS
Computing the Poisson algebra is rather tedious but can be simplified somewhat by first
considering the symmetries of the symplectic potential/form. From eq. (17) we have that
the symplectic potential is expressed in-terms of the original spinor ξα as
Θ = −1
2
Tr(pdx¯) +
i~
2m
[ξ|p|ξ]
2ms
([ξ|p|dξ]− [dξ|p|ξ]) . (39)
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The symmetry group of Θ is the Poincare´ group, which factors as the semi-direct product
of the translation group and the group of left and right rotations. Let the infinitesimal
generators of right and left rotations be denoted by ρα
β and ρ¯α˙β˙, respectively. Under these
rotations the phase space variables transform in the following manner:
δRρ x = ρx, δ
R
ρ p = ρp, δ
R
ρ |ξ〉 = ρ|ξ〉, δRα 〈ξ| = 0, (40)
δLρ¯ x = xρ¯, δ
L
ρ¯ p = pρ¯, δ
L
ρ¯ |ξ〉 = 0, δLρ¯ 〈ξ| = 〈ξ|ρ¯. (41)
We do not require ρ or ρ¯ to be traceless and so rotations have a non-trivial action on the
epsilon tensor, in particular
δRρ ǫαβ = ρα
γǫγβ + ρβ
γǫαγ , δ
R
ρ ǫ
αβ = −ǫγβργα − ǫαγργβ, (42)
where the second equality follows by demanding invariance of δαβ. Identical results hold
for left rotations of ǫ¯. Thus, the action of left and right rotations on quantities with raised
indices can be obtained from eqs. (40)–(41) by adding a minus sign and moving the rotation
matrix to the other side, e.g. δRρ [ξ| = −[ξ|ρ, which implies that the rocket [ξ|ξ〉 is SL(2,C)
invariant. We can also denote the infinitesimal generator of translations as aαα˙, which acts
only on the positional coordinate x as δax = a. The Hamiltonian vector fields associated
with these transformations are given by
Rρ ≡ −(x¯ρ)α˙α ∂
∂x¯α˙α
+ (ρp)αα˙
∂
∂pαα˙
− ([ξ|ρ)α ∂
∂ξα
, (43)
Vρ¯ ≡ −(ρ¯x¯)α˙α ∂
∂x¯α˙α
+ (pρ¯)αα˙
∂
∂pαα˙
− (ρ¯|ξ])α˙ ∂
∂ξ¯α˙
, (44)
Ta ≡ a¯α˙α ∂
∂x¯α˙α
, (45)
respectively. We can now compute the corresponding Hamiltonian by considering the action
of the symplectic form Ω = dΘ, viz.
Ω(Rρ, ·) = dTr(ρJ), Ω(Lρ¯, ·) = dTr(J¯ ρ¯), Ω(Ta, ·) = dTr(a¯p/2), (46)
where
J = −
[
px¯
2
+ i~
p|ξ][ξ|
2m
[ξ|p|ξ]
2ms
]
, J¯ = −
[
x¯p
2
− i~ [ξ|p|ξ]
2ms
|ξ][ξ|p
2m
]
. (47)
It should be noted that the left and right rotations include left and right dilations. These
are obtained by taking ρ and ρ¯ proportional to the identity; the generators are
D = −1
2
Tr(px¯), R = ~
[ξ|p|ξ]2
m2s
. (48)
On the other hand, rotations associated with traceless ρ and ρ¯ correspond to left and right
Lorentz transformations.
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As noted in eq. (46) the Hamiltonians for right rotations, left rotations, and translations
are given by J , J¯ and p/2, respectively. As such, we can write down the following brackets{
Aα , J
γ
β
}
= δγαAβ,
{
B¯α˙ , J¯
β˙
γ˙
}
= δβ˙ α˙B¯γ˙ , (49){
Aα , J γβ
}
=−δαβAγ,
{
B¯α˙ , J¯ β˙γ˙
}
=−δα˙γ˙B¯β˙ , (50){
xαα˙, pββ˙
}
= 2ǫαβǫα˙β˙,
{
x¯α˙α, pββ˙
}
= 2δαβ δ
α˙
β˙
, (51)
where A (respectively B¯) is any quantity with a single undotted (dotted) index and an
unspecified number of dotted (undotted) indices. Note that J commutes with any quantity
possessing only undotted indices and vice versa for J¯ , furthermore since pαα˙, ξ
α, and ξ¯α˙ are
invariant under translations they must commute with pαα˙. Commutators between the J and
J¯ follow from the Jacobi identity{
J βα , J
ρ
γ
}
= δραJ
β
γ − δβγJ ρα ,
{
J¯ α˙
β˙
, J¯ γ˙ρ˙
}
= δγ˙
β˙
J¯ α˙ρ˙ − δα˙ρ˙ J¯ γ˙β˙,
{
J βα , J¯
α˙
β˙
}
= 0. (52)
Before we continue, it will be convenient to introduce the null “position” vector
∆¯ =
~
2ms
[ξ|p|ξ]
m
|ξ][ξ|, (53)
which allow us, c.f. eq. (47), to parameterize J and J¯ as
J = −1
2
p(x¯+ i∆¯), J¯ = −1
2
(
x¯− i∆¯) p. (54)
These expressions can now be inverted to obtain x¯ and ∆¯ in-terms of variables whose Poisson
brackets we already know
x¯ = − 1
m2
(
p¯J + J¯ p¯
)
, ∆¯ =
i
m2
(
p¯J − J¯ p¯) . (55)
Using these results we can compute the remaining Poisson brackets, as detailed in Appendix
D. One finds that x acts as a generator of translations in momentum space while also rotating
the spin variable along an axis determined by p, viz{
x¯α˙α, pββ˙
}
= 2δαβ δ
α˙
β˙
,
{
ξα, x¯β˙β
}
=
1
m2
p¯β˙αξβ. (56)
Furthermore, the position variable itself is observed to be non-commutative, with the devi-
ation from commutativity being proportional to the spin content. This fundamental modifi-
cation to the notion of localization is one of the main features of spin, and has been exploited
in previous works [26]. Explicitly, the x commutation relations read{
x¯α˙α, x¯β˙β
}
=
i~
2ms
[ξ|p|ξ]
m3
(
p¯α˙β ξ¯β˙ξα − p¯β˙αξ¯α˙ξβ
)
. (57)
Last but not least, we witness that the spinor variables behave as creation and annihilation
operators: The holomorphic spinors commute with each other,
{
ξα, ξβ
}
= 0, whereas a
spinor and its conjugate do not{
ξα, ξ¯β˙
}
= − is
~[ξ|p|ξ]2
(
2[ξ|p|ξ]p¯β˙α −m2ξαξ¯β˙
)
. (58)
This concludes our analysis.
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VI. CONCLUSION
There are a number of directions for future investigation suggested by the results of this
paper. First, can “half-quantum” states or the “Lorentz contraction” of the four-velocity be
observed? Second, it would be interesting to explore the quantum version of this model and
see how it compares to the one derived in [25]. Specifically, we would like to see how particles
of spin half appear in the formalism. Finally, we would like to re-write the interaction vertex
between classical spinning particles, originally presented in [2], in-terms of spinors. As we
have eliminated all second class constraints this would provide a greater understanding of how
the vertex behaves and would allow for a complete path integral formulation of the classical
spinning particle. It would also be important to understand whether we could design an
experiment that could distinguish contributions to the quantum phase coming from spin
and spacetime motion. Finally, our formalism should naturally allow fir the inclusion of
continuous spin particles (CSP’s) as a limit where the mass goes to zero while ms stays
fixed. We hope to come back to this in a later publication.
Appendix A SPINOR FORMALISM
In this appendix we present a brief review of the spinor helicity formalism, see [28–30].
Let χα be a complex spinor and χ¯α˙ = (χα)† it’s complex conjugate. Indices are raised and
lowered with the epsilon tensor ǫαβ , which is totally skew symmetric and normalized by
ǫ01 = 1, i.e.
χα = ǫαβχβ , χα = ǫαβχ
β, χ¯α˙ = ǫα˙β˙χ¯β˙, χ¯α˙ = ǫα˙β˙χ¯
β˙,
and these quantities are represented as
|χ〉 = χα, [χ| = χα, |χ] = χ¯α˙, 〈χ| = χ¯α˙. (59)
so we see that if |ξ〉 is our spinor, the hermitian conjugate spinor is denoted by 〈ξ| as usual
while |ξ] denotes the same spinor but with indices raised. Note that we adopt a convention
in which the epsilon tensor satisfies ǫαγǫ
γβ = δβα. Contractions between spinors are simply
[ζ |ξ〉 ≡ ζαξα, 〈ζ |ξ] ≡ ζ¯α˙ξ¯α˙, 〈ζ |ξ] = −[ζ |ξ〉∗. (60)
Let (σa)αα˙ = (1αα˙, ~σαα˙) be the standard four vector of sigma matrices, and (σ¯
a)α˙α ≡
(σa)ββ˙ǫ
αβǫα˙β˙ the same vector but with indices raised, then the following relations hold
Tr(σaσ¯b) = −2ηab, ηab(σa)αα˙(σb)ββ˙ = −2ǫαβǫα˙β˙. (61)
Generically, a matrix with an overbar is assumed to have upper indices M¯ α˙α, whereas an
unadorned matrix will have lower indicesMαα˙. In matrix notation we have that M¯ = ǫM
tǫ−1
and det(M) = −1
2
Tr(MM¯). Multiplication between a matrix and a spinor is denoted by
juxtaposition
Mαα˙χ¯
α˙ = M |χ], χαMαα˙ = [χ|M, M¯ α˙αχα = M¯ |χ〉, χ¯α˙M¯ α˙α = 〈χ|M¯. (62)
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Any vector pµ can be represented as a matrix by contracting it with the vector of sigma
matrices
pµ = −1
2
(σ¯µ)
α˙αpαα˙ ⇐⇒ pαα˙ = pµ(σµ)αα˙. (63)
It follows from eq. (61) that pαα˙p¯
α˙β = −p2δβα and p¯α˙αpαβ˙ = −p2δα˙β˙ , so that the inner product
of two vectors pµ and qµ is given by
pµq
µ = −1
2
Tr(pq¯).
Let Λµνb
ν be a Lorentz transformation, then the action of Λ on a spinor is represented by
matrices (Lα
β, L¯α˙β˙), that is
|ξ〉 → L|ξ〉, [ξ| → [ξ|L−1, (64)
|ξ]→ (L−1)†|ξ], 〈ξ| → 〈ξ|L†. (65)
The relationship between Λ and (L, L¯) is obtained through
L¯−1σ¯µL = Λµν σ¯
ν , L−1σµL¯ = Λµνσ
ν , (66)
with the (L, L¯) satisfying
L¯ = (L−1)†, ǫαα
′
Lα′
β′ǫβ′β = ([L
−1])β
α, ǫα˙α˙′(L¯)
α˙′
β˙′ǫ
β˙′β˙ = (L¯−1)β˙ α˙ = (L¯
†)β˙ α˙. (67)
Observe that the contractions we have introduced above are indeed Lorentz invariant.
Let us now introduce a structure that involves the contraction of two conjugate spinors along
a vector
pα˙αζ¯α˙ξα = 〈ζ |p¯|ξ〉 = [ξ|p|ζ ]. (68)
Although this contraction is only invariant under Lorentz transformations that fix p, it does
have the advantage of defining a hermitian form
〈ζ |p|ξ〉∗ = 〈ξ|p†|ζ〉 = 〈ξ|p|ζ〉. (69)
Furthermore, if p is a timelike vector p2 + m2 = 0, this contraction defines a norm 〈ξ|p¯|ξ〉
and in the center of mass frame this norm square is simply given by ±m(|ξ0|2 + |ξ1|2). The
sign of the this scalar product is the sign of the energy ± = sign(p0).
The next thing to consider is the spinorial expression of a bivector. We begin by defining
the rotation matrices
(σµν)α
β ≡ i
4
(σµσ¯ν − σν σ¯µ)αβ, (σ¯µν)α˙β˙ ≡
i
4
(σ¯µσν − σ¯νσµ)α˙β˙, (70)
which can be used to expand the anti-symmetric combination of Pauli matrices
σ
[µ
αα˙σ
ν]
ββ˙
= iǫα˙β˙(σ
µν)αβ − iǫαβ(σ¯µν)α˙β˙, (71)
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σ¯α˙α[µ σ¯
β˙β
ν] = −iǫα˙β˙(σµν)αβ + iǫαβ(σ¯µν)α˙β˙ . (72)
The rotation matrices possess self-duality properties
(∗σ)µν = iσµν , (∗σ¯)µν = −iσµν , (73)
where (∗M)µν = 1
2
ǫµνρσMρσ and we have assumed ǫ
0123 = 1. A bi-vector Sµν can be decom-
posed into self-dual Sα
β = Sµν(σ
µν)α
β and anti self-dual S¯α˙β˙ = Sµν(σ¯
µν)α˙β˙ parts, specifically
Sµνσ
µ
αα˙σ
ν
ββ˙
= (iS(αβ)ǫα˙β˙ − iS¯(α˙β˙)ǫαβ), (74)
(∗S)µνσµαα˙σνββ˙ = −(S(αβ)ǫα˙β˙ + S¯(α˙β˙)ǫαβ). (75)
With the spinor indices raised the decomposition is the negative of the one presented above.
If the bivector is simple, i.e. Sµν = (χ ∧ π)µν , then we have
Sα
β =
i
2
(χπ¯ − πχ¯)αβ, S¯α˙β˙ =
i
2
(χ¯π − π¯χ)α˙β˙ (76)
or
Sαβ = −i(πχ¯)(αβ), S¯α˙β˙ = i(χ¯π)(α˙β˙). (77)
In other words we can express the matrix product of two vectors as
(χπ¯)α
β = −(χµπµ)δβα − i(χ ∧ π)αβ, (χ¯π)α˙β˙ = −(χµπµ)δα˙β˙ − i(χ ∧ π)α˙β˙. (78)
The matrix corresponding to a vector pµ can be expressed explicitly as
pαα˙ =
(
(p0 + p3) (p1 − ip2)
(p1 + ip2) (p0 − p3)
)
, p¯α˙α =
(
(p0 − p3) −(p1 − ip2)
−(p1 + ip2) (p0 + p3)
)
. (79)
We see that the bar operator corresponds to parity reversal, that is, if we denote the parity
transformed vector p˜µ ≡ (p0,−pi) then p¯ = p˜ as matrices. We also find that
(χπ¯)α
β = (χµπ
µ)1 + i
(
J3 + iK3 (J1 + iK1)− i(J2 + iK2)
(J1 + iK1) + i(J2 + iK2) −(J3 + iK3)
)
(80)
where we have defined
Ki = (χ ∧ π)i0, Ji = ǫijk(χ ∧ π)jk, (81)
as “boost” and “rotation” generators respectively.
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Appendix B FIRST ORDER EQUATIONS OF MOTION
In this Appendix we verify that the spin state does not evolve during classical motion.
The equations of motion associated with the Lagrangian eq. (22) are given by
d
dt
P = 0, (82)
d
dt
([ξ|P ) = −
(
[ξ˙|+ 2iφ˙[ξ|
)
P. (83)
where we have defined
P :=
1
N
(
x˙+ θ(eiφξ)
)
. (84)
The first of these implies that Pαα˙ is constant, and inserting this result into the second
equation gives
(
[ξ˙|+ iφ˙[ξ|
)
C = 0 =⇒ d
dt
(
eiφ[ξ|) = 0. (85)
It follows that eiφξ is a constant of motion and so θ(eiφξ) vanishes on-shell.
Appendix C SECOND ORDER EQUATIONS OF MOTION
In what follows we will derive the equations of motion associated with the second order
action eq. (32). We begin by defining the momentum pµ conjugate to xµ in the usual manner
pµ = δS/δx˙
µ, then the equation of motion for x is determined by conservation of momenta
p˙ = 0. As an important aside, the relationship between pαα˙ and δS/δx¯
α˙α isn’t quite as
expected, specifically
pαα˙ = (σ
µ)αα˙pµ = (σ
µ
αα˙)
δL
δx˙µ
= (σµαα˙)
δL
δ ˙¯xβ˙β
∂ ˙¯xβ˙β
∂x˙µ
= −2 δL
δ ˙¯xα˙α
. (86)
Recalling the definitions of a and b from eq. (37) we find that the momenta pαα˙ is given by
−1
2
p = m
x˙
2|x˙|
√
1− |b|2 − i~s
[ρ|x˙|ρ]
(
|ρ˙〉〈ρ| − |ρ〉〈ρ˙|
)
(87)
− 2~s
[ρ|x˙|ρ] Im(a)|ρ〉〈ρ|+
m|b|2√
1− |b|2
|ρ〉|x˙|〈ρ|
[ρ|x˙|ρ] .
It follows from this lengthy expression that
x˙|ρ] = − |x˙|√
1− |b|2
(
pˆ|ρ] + ib∗|ρ〉
)
,
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where pˆ is the unit momenta pˆ = p/m. The spin equations of motion can now be written in
matrix form as
∂τ
( |ρ〉
pˆ|ρ]
)
=

 a− im2~s |b|2√1−|b|2 |x˙| −mb2~s |x˙|√1−|b|2
mb∗
2~s
|x˙|√
1−|b|2
a
∗ + im
2~s
|b|2√
1−|b|2
|x˙|

( |ρ〉
pˆ|ρ]
)
.
To simplify the presentation we introduce the notation
ρ =
( |ρ〉
pˆ|ρ]
)
, a0 = Re(a), a1 = − m
2~s
|x˙|√
1− |b|2 Im(b),
a2 = − m
2~s
|x˙|√
1− |b|2Re(b), a3 = Im(a)−
m
2~s
|b|2√
1− |b|2 |x˙|,
and so the spin equations of motion become
∂τρ =
(
a0 + ia3 ia1 + a2
ia1 − a2 a0 − ia3
)
ρ, (88)
= (a01 + i~a · ~σ)ρ, (89)
where ~a = (a1, a2, a3). To solve this equation we introduce a vector ξ which satisfies
ρ = e
∫
τ
0
a0(t)dtξ. (90)
Eq. (89) then implies ∂τξ = i~a · ~σξ, which has the formal solution
ξ = Texp
(
i~σ ·
∫ τ
0
~a(t)dt
)
ξ(0). (91)
It is only in the special case where at most one component of ~a is non-zero that we could
obtain an explicit expression for ξ.
Appendix D POISSON BRACKETS
This Appendix provides some additional details regarding the computation of the Poisson
algebra for the spinor variables. Equations (49)–(52) together with the expression for x and
∆ in terms of J given by (55) imply that{
(x¯+ i∆¯)α˙α, (x¯+ i∆¯)β˙β
}
=0,
{
(x¯+ i∆¯)α˙α, (x¯− i∆¯)β˙β
}
=
4i
m2
p¯α˙β∆¯β˙α, (92){
(x¯− i∆¯)α˙α, (x¯− i∆¯)β˙β
}
=0,
{
(x¯− i∆¯)α˙α, (x¯+ i∆¯)β˙β
}
=− 4i
m2
p¯β˙α∆¯α˙β, (93)
which combine to give{
x¯α˙α, x¯β˙β
}
=
{
∆¯α˙α, ∆¯β˙β
}
=
i
m2
(
p¯α˙β∆¯β˙α − p¯β˙α∆¯α˙β
)
, (94)
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{
x¯α˙α, ∆¯β˙β
}
= − 1
m2
(
p¯α˙β∆¯β˙α + p¯β˙α∆¯α˙β
)
. (95)
Noting that the brackets in eq. (94) are anti-symmetric under interchange of (α, α˙) with
(β, β˙) allows us to re-write them in a more revealing form{
x¯α˙α, x¯β˙β
}
=
{
∆¯α˙α, ∆¯β˙β
}
=
i
m2
[
ǫα˙β˙(p∆¯)(αβ) − ǫαβ(∆¯p)(α˙β˙)
]
. (96)
A further application of eqs. (49)–(50) to ξ and ξ¯ in conjunction with the decomposition
(55) yields {
ξα, x¯β˙β
}
=
1
m2
p¯β˙αξβ,
{
ξ¯α˙, x¯β˙β
}
=
1
m2
p¯α˙β ξ¯β˙, (97){
ξα, ∆¯β˙β
}
=− i
m2
p¯β˙αξβ,
{
ξ¯α˙, ∆¯β˙β
}
=
i
m2
p¯α˙β ξ¯β˙. (98)
It remains to compute the brackets between ξ and ξ¯. We begin by substituting the definition
of ∆, see eq. (53), into eq. (98), whence
~
2m2s
[ξ|p|ξ]
(
ξβ
{
ξα, ξ¯β˙
}
+ ξ¯β˙
{
ξα, ξβ
})
= − i
m2
p¯β˙αξβ +
i
2[ξ|p|ξ]ξ
αξβ ξ¯β˙. (99)
Contract either side with ξβ to obtain
{
ξα, ξβ
}
ξβ = 0 which, by virtue of the anti–symmetry
of the bracket, implies {
ξα, ξβ
}
= 0. (100)
Upon substituting the above result into eq. (99) and contracting with (p|ξ])β we obtain{
ξα, ξ¯β˙
}
= − is
~[ξ|p|ξ]2
(
2[ξ|p|ξ]p¯β˙α −m2ξαξ¯β˙
)
. (101)
Similar results hold for ξ¯, in particular{
ξ¯α˙, ξ¯β˙
}
= 0,
{
ξ¯α˙, ξβ
}
=
is
~[ξ|p|ξ]2
(
2[ξ|p|ξ]p¯α˙β −m2ξβ ξ¯α˙) . (102)
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